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We propose a mechanism to engineer a chiral spectral flow of interface states in a gapless semi-
metallic system. Although the topological indices of the bands (Chern numbers) remain ill-defined,
owing to the existence of bulk band touching points, this spectral flow has a topological origin that
makes it robust even when it coexists with the bulk bands. These interface states between two
gapless Dirac semimetals generalize the usual ones appearing between two topologically distinct
insulators. This phenomenon is illustrated with an adiabatically modulated photonic quantum walk
I. INTRODUCTION
Topological phases of matter involve both insulators1
and semimetals2. However, their topological nature is re-
vealed through different properties− while insulators are
classified according to the global topology of their spec-
trally isolated bands over the Brillouin zone, semimetals
are locally characterized by the topology of their nodal
points or lines, that are somehow analogous to topolog-
ical defects in reciprocal space. Interestingly, these two
aspects are related. For instance, a Weyl semimetal can
be seen as a stable phase when continuously deforming a
3D Z2 topological insulator into a trivial one, provided
inversion symmetry is broken.3,4 Also, in two dimensions,
single Dirac points symptomatically appear at the tran-
sition between two distinct topological insulating phases,
as in the celebrated Haldane model for Chern insulators.5
The existence of boundary states is a universal mani-
festation of the underlying topology. For insulators, they
are well defined in a spectral gap, that they bridge when
varying their quasimomentum, which make them prop-
agative. This property is sometimes referred to as the
spectral flow of the boundary modes. It gives rise, for
instance, to chiral edge states in Chern insulators. The
absence of a spectral gap makes the situation quite differ-
ent for semimetals. Indeed, the nodal points act as topo-
logical transition points in momentum space, at which
the boundary states are therefore doomed to arise and
end. This is the case of Fermi arcs surface states con-
necting the Weyl points when crossed by the Fermi en-
ergy in 3D.6–9 This is again the case of edge states in 2D
graphene-like structures that own Dirac points in their
energy spectrum.10,11 Obviously, the stability of the these
Dirac points prevent the edge states from being chiral, so
that the only way to get a spectral flow in 2D structures is
to impose a gap, even an indirect one,12–14 as it is indeed
the case for Chern insulators. Moreover, the Chern num-
bers C of the bands of an insulator consistently account
for the number of chiral edge states in each gap, accord-
ing to the celebrated bulk-edge correspondence.15,16
In this paper, we present a mechanism to engineer a
spectral flow of interface states in 2D semimetallic phases
with stable band touching (Dirac) points. In particular,
we show how such interface states can spectrally coexist
with bulk modes and still have a well defined topological
origin although the Chern numbers of the bands C are ill-
defined. Such an unusual property is actually made pos-
sible by managing different gap inversions mechanisms
at the same energy, so that all the gaps never open si-
multaneously. Even though there is no gap in the Bril-
louin zone, the topological properties can be captured by
associating a topological charge as the quantized Berry
flux emanating from degeneracy points in 3D parameter
space, similarly to Weyl nodes in synthetic dimensions.
This quantity is also a Chern number C, but must be dis-
tinguished from that of the full bands over the Brillouin
zone C which are ill-defined because the bands touch.
Remarkably, the resulting topological spectral flows con-
sist in chiral interface states in between 2D semimetals
rather than insulators. All along the paper, we illustrate
this idea with the quasienergy bands of a scattering net-
work model that generalizes different experimental se-
tups recently used in the context of topological photonic
quantum walks.17–19 In that context, the parameter that
tunes the spectral flow is an adiabatic phase driving the
quantum walk, rather than the usual quasimomentum.
The paper is organized as follows. In Section II, we in-
troduce the scattering network model of an adiabatically
modulated 1D quantum walk. That shows how the short
time modulation of a dynamical phase allows one to selec-
tively manipulate Dirac points at the same quasienergy.
The topological properties of these degeneracy points are
given in section III, and their associated spectral flows
of uncoupled interface states with bulk modes are com-
puted accordingly. These interface states are found to
have no edge state counterpart in finite geometry with
open boundary conditions as discussed in section IV.
II. SCATTERING NETWORK MODEL
A. Generalities
Topological properties of networks models have been
investigated in details recently20–28 in particular in the
context of photonics. Here we consider the discrete time-
evolution of a state (e.g. quantum state or wavepacket)
through the generic network depicted in Fig. 1. Such evo-
lution decomposes into a staggered sequence of free prop-
agations along the oriented links and scattering events at
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2the vertices encoded into the unitary matrices
Sl,j =
(
cos θl,j i sin θl,j
i sin θl,j cos θl,j
)
(1)
where the parameters θl,j may depend both on the posi-
tion l in the lattice and on the time step j. Let us impose
a periodicity of the network after N time steps so that
the scattering nodes satisfy Sl,j = Sl,j+N . Such network
can thus model e.g. a 1D Floquet quantum walk. In the
following, it will be indeed useful to introduce the Flo-
quet operator UF , that is the unitary evolution operator
after N time steps. This operator will depend on the
set of parameters {θj} where j runs from 1 to N and
where we have dropped the position index l, assuming
invariance along the x direction for now. This position
dependence will be reintroduced in sections III A 1 and
III A 2 when discussing the interfacial spectral flows.
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Figure 1. Two-dimensional oriented scattering lattice where
the y axis plays the role of time. A time period consists in
N successive steps. A phase φj is added for the states scat-
tered out the node j and propagating leftwards (blue arrows).
The unit cell of this lattice is emphasized by a black dashed
rectangle.
In addition, we introduce a phase shift carried along
by the states when propagating along each link. Impor-
tantly, this phase shift evolves according to two time
scales with respect to the period of N time steps. At
short time scales, the phase shift φ may also depend on
both the discrete position l and the time step j within a
period. For simplicity sake, we omit the position index
from these phases, like θ’s. Then each unit cell of the
network is thus decorated with a pattern of phase shifts
φj = Qjφ that preserves the periodicity of the network,
where Qj is some rational number that will be specified
later, and φ is a phase shift of reference. Moreover, the
second time scale appears through the small variation of
this φ from one period to the next one. Strictly speaking,
the network is therefore not periodic in time anymore,
but we shall consider the case where φ evolves slowly
enough so that the long time stroboscopic dynamics can
be described by the adiabatically modulated Floquet op-
erator when continuously varying the phase parameter
φ ∈ [0, 2pi]. Exploiting translation invariance along the x
direction, we are finally interested in the Bloch-Floquet
parametrized evolution operator UF (kx, φ, {θj}) where
kx is the quasi-momentum in the x direction. Note that
this operator depends in a periodic fashion on its pa-
rameters. Its eigenstates are thus parametrized over a
N+2-torus that can be seen as a synthetic Brillouin zone.
This model could thus provide an interesting framework
to investigate physical phenomena in higher dimensions
(> 3), such as analogs of topological phases provided a
spectral gap exists.
This network generalizes previous models whose topo-
logical properties have been investigated experimentally
in photonics setups. For instance, when N = 2 and
in the absence of a phase shift (φ = 0), the model de-
scribes one-dimensional photonic quantum walk17 and
one-dimensional laser-written modulated photonic lat-
tices in silica,18 in which boundary modes have been ob-
served. Still when N = 2 but now for φ1 = +φ, φ2 = −φ
together with fixed coupling parameters θl,j = pi/4, it
describes pairs of coupled optical fibre loops in which
the Berry curvature was measured using wavepacket
dynamics.19
Interestingly, as we show below, this model can also
exhibit spectral flows in the absence of a spectral gap.
A particular striking case even consists of the uncoupled
superposition of a spectral flow with the bulk bands. The
topological nature of this spectral flow can be under-
stood from the existence of topological charges (Berry
monopoles) in synthetic dimensions (kx, φ,∆) where ∆
depends on the scattering parameters θj . The key fea-
ture that yields the coexistence of bulk and boundary
modes is the selective manipulation of distinct gaps open-
ing/closure mechanisms that are made possible by spe-
cific patterns of φj .
B. Gapless states in four-steps networks
Our starting point is the two-step network (N = 2) for
which φ1 = −φ2 = φ and where the nodes act as identical
50/50 beam splitters.19 The quasi-energy spectrum of the
Bloch-Floquet operator UF (kx, φ, {θi = pi/4}), shown in
figure 2, is fully gapless and its two bands touch linearly
along kx and φ at both quasi-energies 0 and pi. Tuning
the coupling parameters away from θ = pi/4 opens a gap
at quasi-energies 0 and pi, and may lead to a topologi-
cal regime characterized by gap-valued topological invari-
ants W ∈ pi3(U(N)).25,29 Accordingly, in the presence
of boundaries in the x direction, the system exhibits a
spectral flow of edge states that bridges each gap when
φ is tuned.27 Here we show how to implement a similar
spectral flow while bands touch. For that purpose, one
needs additional Dirac points at the same quasi-energies,
and whose stability depends on different parameters than
3Figure 2. Quasienergy spectrum of the two-step Floquet op-
erator φ1 = −φ2 = φ and θj,l = pi/4, as considered in Ref19
the preexisting ones. More band touching points can
be obtained in the synthetic Brillouin zone (φ, kx) by
folding the quasienergy spectrum. This is achieved by
enlarging the unit cell when allowing for more distinct
couplings along either the transverse or the propagative
direction. Here we choose the second option by consid-
ering a period of N = 4 steps for the fast dynamics,
and fixing the distinct phase shifts inside a unit cell as
φ1 = +φ, φ2 = −φ, φ3 = +φ, and φ4 = −φ. Note that
the net phase inside the unit cell is zero, thus conserving
inversion symmetry along synthetic dimension φ, which
avoids any winding of the quasienergy bands.13,27,30
Using the spatial periodicity along x, i.e. θl,j = θj the
Floquet-Bloch evolution operator can be written as the
succession of translation-like operations and local scat-
tering processes as
UF (φ, kx; {θj}) = T−S4T+S3T−S2T+S1 (2)
where
T± =
(
ei(kx±φ)/2 0
0 e−i(kx±φ)/2
)
(3a)
Sj =
(
cos θj i sin θj
i sin θj cos θj
)
. (3b)
As shown in Fig. 3, the quasienergy spectrum ε is fully
gapless for the critical value of parameters {θj = pi/4}, as
expected. But now, there exists two Dirac points A0, B0
at ε = 0, and the two bands also touch at ε = pi along
four lines (instead of points) satisfying kx ± φ = 0 and
kx ± φ = 2pi (dashed black and green lines in Fig 3). By
deviating from this critical point, it is then possible to lift
some of these degeneracies leaving untouched the other
ones. The different conditions to lift the specific band
touching points (or lines) are inferred by expanding the
Floquet operator in θj around these degeneracies.
A0 B0 A0A0 A0
A0(0, ⇡)
B0(⇡, 0)
Bπ(3π /2, − π /2)
Aπ(π /2,π /2)
Figure 3. Quasienergy spectrum of the four-step Floquet op-
erator for φ1 = −φ2 = φ3 = −φ4 = φ and θj=1..4 = pi/4.
Bands touch at different points at ε = 0 and along lines at
ε = pi.
At the two Dirac points sitting at ε = 0, namely A0 and
B0, the Floquet operator must satisfy UF = 1. Substi-
tuting their coordinates (φ, kx) – respectively (0, pi) and
(pi, 0) – in equation(2), an expansion in scattering param-
eters around the critical point {θj = pi/4 → pi/4 + δθj},
yields the constraint
S(−δθ1 + δθ2 − δθ3 + δθ4) = 1 at A0 and B0 (4)
(where S(θj) ≡ Sj), which is only satisfied for −δθ1 +
δθ2−δθ3+δθ4 = 0. Conversely, a gap opens at A0 and B0
when this condition is not fulfilled. An interesting twist
comes at ε = pi, where now the Floquet operator must
satisfy UF = −1. Expanding the Floquet operator in
scattering parameters for the four degeneracy lines kx ±
φ = 0 and kx ± φ = 2pi yields the condition
S(δθ1 + δθ2 + δθ3 + δθ4) = 1 (5)
that differs from the condition (4) for the two degener-
acy points at ε = 0. Furthermore, there are two special
points, namely Api at (φ = pi/2, kx = pi/2) and Bpi at
(φ = 3pi/2, kx = −pi/2), shown with blue dots in Fig 3,
where this expansion does not apply. There, one finds a
third condition that reads
S(δθ1 − δθ2 − δθ3 + δθ4) = 1 at Api and Bpi . (6)
Finally, the different gap opening terms δθj follow from
ν1δθ1 + ν2δθ2 + ν3δθ3 + ν4δθ4 6= 0 (7)
with νj = ±1 as summarized in Table I. Thus, doubling
the time period of the network indeed brings new degen-
eracies, namely, A0,pi and Bpi, and preserving the pre-
existing one that we denote by B0. However, degenera-
cies at a fixed quasienergy, 0 or pi, are (un)stable under
4the same perturbations δθj . The only exception being at
ε = pi where the degeneracy lines (in eq(5)) and degen-
eracy points (in eq(6)) do not share the same stability,
and hence can be gapped separately. We can get rid of
these degeneracy lines to end up with degeneracy points
by changing the phase shift pattern φj within a period.
These degeneracy points can be furthermore manipulated
individually at the same quasienergy.
Quasienergy Degeneracy points ν1 ν2 ν3 ν4
ε = 0
B0 − + − +
A0 − + − +
ε = pi
kx ± φ = 0, 2pi
(excluding Api, Bpi)
+ + + +
Api + − − +
Bpi + − − +
Table I. Stability of the different band touchings (points or
lines) under a perturbation νjδθj , as defined in eq.(7), for
φ1 = −φ2 = φ3 = −φ4 = φ.
C. Selective manipulation of degeneracies
instabilities
We propose now the following phase shift pattern that
decorates the four-step period : φ1 = 2φ, φ2 = −φ, φ3 =
0, and φ4 = −φ. This choice still preserves
∑
φj = 0 and
thus prevents windings of the quasi-energy bands.27,30
The quasienergy spectrum of the Bloch-Floquet operator
is depicted in Fig. 4 at the critical point {θj = pi/4}. This
spectrum is still fully gapless, but now the two bands
touch at ε = 0 and ε = pi only at points, either linearly
in both directions (Dirac points A0, C0, Api and Cpi) or
linearly in one direction and quadratically in the other
one (semi-Dirac points B0 and Bpi
31–36).
Applying the same reasoning as in section II B regard-
ing the stability of these six band touching points with
respect to a perturbation in scattering parameters δθj ,
one ends up with a new classification shown in Table II.
It reveals four distinct gap opening processes. In particu-
lar, C0, Api and Cpi behave similarly under any perturba-
tion δθj , but differently than the points A0, B0 and Bpi.
In other words, these different degeneracy points are sta-
ble against distinct perturbations (or mass terms). It is
thus now possible to lift a specific degeneracy at ε = 0 or
ε = pi without opening a bulk gap. For the sake of sim-
plicity, instead of considering any combination of all the
δθj ’s, we fix δθ1 = δθ2 = 0, and focus only on the effect
of δθ3 and δθ4. The stability of the degeneracies under
the perturbations {θ3, θ4} → {pi/4 + ν3δθ3, pi/4 + ν4δθ4}
can then be characterized by the sign of the product of
ν3ν4 only, that leaves us two possibilities. Therefore, one
needs to distinguish two distinct gap opening processes
driven by two independent mass terms
m± ≡ (δθ3 ± δθ4)/2 (8)
A0
A0
B0
C0
C0C0
C0
Bpi Cpi Api
Bpi
C0(0, pi)
Bpi(0, 0)
Cpi(pi/2, pi/2)
B0(pi, 0)
A0(pi,−pi) Api(3pi/2,−pi/2)
Figure 4. Quasienergy spectrum for the four-step Floquet
operator with φ1 = 2φ, φ2 = −φ, φ3 = 0, and φ4 = −φ and
θj=1..4 = pi/4. It shows Dirac points at A0/pi, C0/pi and semi-
Dirac points at B0/pi
as summarized in Table II (in blue). These two mass
terms allow us to generate topological spectral flows
of boundary modes in a gapless (semi-metallic) regime,
where both the Chern numbers and the Floquet winding
number of the evolution operator are ill-defined, as we
show in the next section.
Quasienergy Degeneracy points ν1 ν2 ν3 ν4 mass term
ε = 0
A0 − − − − −m+
B0 + − − + −m−
C0 + − + − m−
ε = pi
Api + − + − m−
Bpi + + − − −m+
Cpi + − + − m−
Table II. Stability of the different band touching points of
Fig. 4, under a perturbation νjδθj , as defined in Eq.(7), for
φ1/2 = −φ2 = −φ4 = φ, φ3 = 0. The mass terms m± (from
Eq.(8)) encode this stability when considering ν3δθ3 and ν4δθ4
only.
III. TOPOLOGICAL SPECTRAL FLOW
THROUGH BULK MODES
A. Topological charge of degeneracy points
In the vicinity of each band touching point X, one can
expand the (dimensionless) effective Hamiltonian defined
via the Floquet operator as
UF = e
−iHXeff (9)
5at the lowest order terms in couplings δθj , phase shift δφ
and quasimomentum δkx. Such Hamiltonians have the
generic form
HXeff(δφ, δkx,m) = h
X · σ (10)
where σ is the vector of Pauli matrices and hX =
{hX1 , hX2 , hX3 } defines a family of continuous maps from
R3 to R3. Therefore, hX/|hX | defines continuous maps
from parameter space R3\{X} to target space S2 that
are classified by the homotopy group pi2(S
2) = Z. The
elements of this group are integer numbers that tell how
many times hX/|hX | wraps the sphere. They are given
by the degree of hX defined as
deghX =
∑
p
(0)
i
sgn
[
det
(
∂hXj
∂λi
)
|h(0)
]
(11)
where the pre-images p
(0)
i = (δφ
(0)
i , δk
(0)
xi ,m
(0)
i ) of h
(0),
an arbitrary vector in R3, satisfy by definition h(p(0)i ) =
h(0), and where {λi} stands for {δφ, δkx,m±}. For a two
band Hamiltonian, this degree is directly related to the
Chern number C± of the continuous family of normalized
eigenstates ψ±(δφ, δkx,m) of HXeff as
C± = ∓deghX . (12)
Importantly, a non vanishing value of Cn is known to
guarantee the existence of a spectral flow towards bands
n when the mass term (m± here) is varied in space and
changes sign.37–42 This spectral flow usually consists in a
unidirectional mode, localized where the mass term van-
ishes, and whose (quasi-)energy bridges a spectral gap
when a parameter (here φ) is tuned.
In the following, we compute this topological index
(via the degree formula (11)) for different band touching
points (Dirac and semi-Dirac) and check numerically that
their value correctly predicts a spectral flow, even in the
absence of a gap.
1. Spectral flow induced by a spatial variation of m+
According to Table II, the degeneracy points A0 and
Bpi are both lifted when m+ 6= 0. One can thus assign
them a topological charge (in the sense of section III A)
by computing the degree of their respective expanded
effective Hamiltonian, with the parameter (base) space
being (δφ, δkx,m+).
Let us detail the calculation for A0 whose coordinates
are (φ, kx) = (pi, pi) [2pi]. At lowest order in each param-
eter, the effective Hamiltonian HA0eff = h
A0 · σ yields
hA0(δφ, δkx,m+) =
 −2m+δφ+ δkx
δφ
 . (13)
Figure 5. Dirac points A0 at quasienergy ε = 0 located at
(φ, kx) = (pi, pi). This degeneracy point is robust against a
perturbation m− but a gap opens due to the introduction of
m+.
The spectrum of HA0eff simply consists in the two branches
ε± = ±|hA0 | that touch linearly when m+ = 0, as ex-
pected (see Fig 5). Since hA0 is linear with respect to
each parameter, there is only one pre-image, so that the
degree can be straightforwardly computed as
deghA0 = sgn det
 ∂δφhA0x ∂δφhA0y ∂δφhA0z∂δkxhA0x ∂δkxhA0y ∂δkxhA0z
∂m+h
A0
x ∂m+h
A0
y ∂m+h
A0
z

= sgn det
 0 1 10 1 0
−2 0 0

= + 1 (14)
Likewise, the topological charge for Bpi is degh
Bpi = +1.
Accordingly, a spectral flow appears in the spectrum
when considering now a spatial dependence of m+(x)
that changes sign. This anisotropy is taken into ac-
count in the network model by considering a variation of
δθl,3 = δθl,4 = m+(l) along x, thus breaking translation
invariance. For numerical convenience, we consider peri-
odic boundary conditions along x, so that the mass term
m+(l) changes sign twice, giving rise to a cylindrical ge-
ometry with two opposite spectral flows (instead of one),
as shown in Fig. 6(a), where modes localized at these two
interfaces of the cylindrical geometry are shown in blue
and red. This is a typical situation where chiral interface
states bridge a spectral gap. Note that the situation is
however different from what is currently encountered in
topological insulating phases, since the two bands actu-
ally touch at ε = pi at two other points of the Brillouin
zone, Api and Cpi, that are stable against the perturba-
tion in m+. Therefore, these chiral states cannot be in-
terpreted as the interface modes between two distinct
gapped topological (e.g. Chern) insulators, but rather as
interface modes between two gapless semi-metals. The
situation is maybe even more unusual with A0, since its φ
coordinate matches that of B0 (see Fig. 4) which remains
6stable under the perturbation in m+, according to Table
II. It follows that the spectral flow coexists with bulk
modes and does not bridge a gap, as shown in Fig. 6(b).
Notice that the direction of the spectral flow is the same
for Bpi and A0, in agreement with the common value of
their topological charge.
0
L
ϕ
x
m±
x0 L 2L
⟨x⟩
(b) (c)
(a)
Figure 6. Existence of chiral modes at the interface (a) in a
periodic geometry in x with 74 unitcells (from Fig. 1), and φ
(vertical), i.e., torus, where the mass term m+ changes sign
twice (namely at x = L and 2L). The normalized position
expectation value (to determine the localization of the states)
is encoded in the color bar. For e.g., the localized interface
states are shown in red (blue), when the mass term changes
sign from + to − at x = L (− to + at x = 0, 2L) and the
states delocalized in the bulk are shown in green. This for
degeneracy point for θj=1,2 = pi/4 (b) A0 at quasienergy 0,
which exists along with the gapless B0 and another for (c) Bpi
at quasienergy pi.
2. Spectral flow induced by a spatial variation of m−
Similarly, a spatial variation of the mass term m− leads
to a topological spectral flow for B0, C0, Api and Cpi when
φ is varied, provided m− changes sign. Let us focus on B0
which is a semi-Dirac point, since their topological charge
and their associated spectral flow is overlooked in the
literature in comparison to Dirac points. An expansion
of the effective Hamiltonian HB0eff = h
B0 · σ in coupling
parameters and quasimomenta gives
hB0(δφ, δkx,m−) =
−2m− − δkx2 (δφ+ δkx)2δφm−
δφ− δkx
 (15)
The eigenvalues ε± = ±|hB0 | yields a semi-Dirac be-
havior when m− = 0, as announced (see Fig. 7). The
introduction of m− opens a gap, and allows us to define
the topological charge of this degeneracy point as
deghB0 =
∑
p
(0)
i
sgn det
 − δkx2 2m− 1−δkx − δφ2 0 −1−2 2δφ 0

=
∑
p
(0)
i
sgn [4m− − (3δkx + δφ)δφ] (16)
Figure 7. Semi-Dirac point B0 at quasienergy ε = 0 located
at (φ, kx) = (pi, 0). This degeneracy point is robust against a
perturbation m+ but a gap opens due to the introduction of
m−.
One can evaluate the pre-images by fixing a direction
for hB0 , say along z. This imposes the three following
conditions
−4m− = δkx(δφ+ δkx) (17a)
δφm− = 0 (17b)
δφ > δkx (17c)
Three pre-images (φi, kx,i,mi) are found to satisfy these
conditions : p
(0)
1 = (−k1, k1, 0) with k1 > 0, p(0)2 =
(0, k2,−k22/4) with k2 < 0 and p(0)3 = (φ3, 0, 0) with
φ3 > 0. The pre-image p
(0)
1 yields a positive contribution
to the sum (16) while both p
(0)
2 and p
(0)
3 contribute nega-
tively, so that finally deghB0 = −1. A similar calculation
leads to deghCpi = +1, deghApi = +1 and deghC0 = +1.
Accordingly, a numerical calculation is performed in a
periodic geometry where m−(l) changes sign twice when
varying with the discrete position index l on the net-
work. Spectral flows are found in agreement with the
value of the topological charge. The cases of the semi-
Dirac points Cpi and B0 are depicted in Fig. 8, where the
spectral flow for B0 is indeed the opposite to that of Cpi,
i.e., the slope of these modes in the quasienergy spec-
trum is opposite in sign for a given interface. They both
illustrate the same phenomenology as that discussed in
the previous section in Fig. 6. In particular, there is a
spectral flow around B0 that coexists with bulk states,
7since A0, that has the same φ coordinate, is stable under
a perturbation of m− type. Note the peculiar flattened
dispersion relation of the interface states in Fig. 8 (a)
which is reminiscent of the quadratic dispersion relation
of the semi-Dirac point B0 along the phi coordinate.
(a) (b)
Figure 8. Existence of chiral modes at the interface for same
periodic geometry (see Fig. 6(a)), where the mass term m−
changes sign twice, in the vicinity of (a) B0 at quasienergy 0,
and (b) Cpi at quasienergy pi. In the first case, the spectral
flow crosses the Dirac point A0. The geometry and color code
are that of Fig. 6
IV. CHIRAL EDGE STATES IN GAPLESS
SYSTEMS
In topological insulators, there is commonly no funda-
mental distinction between edges and interfaces regard-
ing the existence of boundary states: these are expected
to automatically exist in one case if they are shown to
exist in the other. This is because an interface is seen as
an edge between two insulators. The situation is different
here with the semimetals we describe, since their topolog-
ical property encoded through the index C is inherently
related to an interface.
The topological spectral flow described above con-
sisting in confined modes at the interface between two
semimetallic regimes with mass terms m± of opposite
signs, a natural question to ask is thus whether chiral
edge states may also exist at the boundary of a finite net-
work with a fixed mass term m±, as it is usually the case
in topological insulators. However, in our configuration,
the Chern number C of the bands (to be distinguished
from the Chern numbers assigned to the degeneracy C
(12)) cannot be defined because of the band touching
points in the bulk.
Quasienergy spectra computed in that geometry are
shown in Fig. 9 for different values of a uniform m±.
We find chiral edge states (with respect to φ) at Api, Cpi
and C0 when m− > 0, and at Bpi when m+ < 0. Edge
states are also found around A0 for m+ < 0 and B0 for
m− < 0, where the gap remains close. The first remark
is that the sign of m± that gives rise to edge states does
not seem obviously related to the topological charge com-
puted above. Moreover, while these edge states look very
A0B0 C0
A⇡C⇡ B⇡
(a) m  < 0 (b) m  = m+ = 0 (c) m  > 0
(d) m+ > 0
(e) m+ < 0
(a1)
(e1)
m+
m 
ϕ
x
( f )
−1
1
0
ϕ/π0 2
Figure 9. Quasienergy spectra of the four-step Floquet oper-
ator for φ1/2 = −φ2 = −φ4 = φ, φ3 = 0 and θj=1,2 = pi/4 in
finite geometry as a function of either m+ or m−. Imposing
a vanishing of either m+ or m− prevents a gap opening at
0 and pi so that all the spectra are gapless. The two insets
(a1) and (e1) show edge states at ε = 0 that merge to the
bulk bands and disappear, unlike other chiral edge states for
m± < 0 that live in local gaps. (f) Here, the finite geometry
contains 50 unitcells while being periodic in φ, where the edge
states localized at the left (right) boundary are in blue (red).
This color coding is calculated from the normalized position
expectation value (to determine the localization of the states),
similar to in Fig. 6(a).
similar to what can be found in gapped systems for Api,
Cpi, C0 and Bpi, as they bridge a local gap, the situation
is different for A0 and B0 that are affected by the bulk
modes. The inset figures show that these edge states
actually do not connect the two bands, but eventually
couple to the bulk modes and disappear (Figs. 9(a1) and
(e1)). This is in sharp contrast with the continuous in-
terfaces in m± that revealed a continuous spectral flow
through the bulk modes (Figs. 6(b) and 8(a)).
The existence of a spectral flow when a mass term is
continuously varied and changes sign, is traditionally un-
derstood as a mode emerging at the interface between two
topologically nonequivalent systems. This is of course
meaningful provided that each system’s topology is well
defined in itself, when the mass term is fixed, like in
Chern insulators. This is, however, not always the case.
In particular, in continuous media, the Chern numbers
C of the bands are only well defined when the projectors
are regularized at infinity.43–47 Otherwise, the topologi-
8cal charge approach used here remains a powerful valid
strategy39,41,42, but does not seem suitable to predict the
edge state in a finite geometry as shown in figure 9.
V. CONCLUSION
We have reported a model where the gapless spectrum
prevents the definition of a Chern number for the bands
and a Floquet winding number for the gaps.29 Still, we
have shown that topological chiral spectral flows of in-
terface states can be engineered by a suitable anisotropic
perturbation that changes sign. Such spectral flows can
even coexist with delocalized (bulk) modes from which
they remain uncoupled, in contrast to edge states in finite
geometry with open boundaries. These spectral flows
can be interpreted as robust chiral states at the inter-
face between gapless semimetallic phases, showing that a
spectral gap is not necessary for chiral spectral flows to
exist.
Pairs of coupled optical fibers19,48–51 constitute an ex-
cellent candidate to engineer this new topological regime.
Recently, a spatial variation of coupling parameters (θ’s)
has been achieved with an interface where the bulk gap
closes52 in that setup. In addition, the temporal variation
of the phase has also been achieved in the same setup19,51.
Both of these experimental results pave the way for our
proposal. Coupled waveguide arrays, that demonstrated
the versatility to manipulate original topological Floquet
phenomena18,53,54 might also be considered to implement
this new regime.
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